
3442 Macromolecules 1994,27, 3442-3443 

Reanalysis of Dapp(q) of Polystyrene Latex 
Spheres in Terms of the Extended Coupled 
Mode Model 

Kenneth S. Schmitz 
Department of Chemistry, University of 
Missouri-Kansas City,  Kansas City, Missouri 641 10 

Received January 4, 1994 
Revised Manuscript Received April 12, 1994 

Introduction. In their study of polystyrene latex 
spheres (PLS), Petsev and Denkovl fitted the apparent 
diffusion coefficient, Dap,(q), obtained by quasi-elastic light 
scattering methods to an empirical equation of the form, 

where the scattering vector is defined as q = (47rn/X) sin- 
(0/2), n is the index of refraction, X is the wavelength of 
incident light, and 0 is the scattering angle. It is shown 
in this paper that the small ion-polyion coupled mode 
model (CMM) of Lin, Lee, and Schurr2 as extended to 
arbitrary q - ~ a l u e s ~ > ~  (extended CMM, denoted by XCMM) 
gives a very good quantitative interpretation of the 
coefficients A and B as well as the q = 0 value D,, provided 
that an appropriate number of terms are used in the 
empirical power series fit. 

Theory. The CCM model2 is based on three ionic 
components (component 1, the polyion; component 2, the 
counterion; component 3, the co-ion) with the approxima- 
tions D2 = D3 = D, and 22 = -Z3. With this formulation 
D,,,(q) is computed from the second root (Rz) of the 3 X 
3 frequency matrix Q(q), which has the elements, 

where Dj" is the self-diffusion coefficient, 6ij is the Dirac 
delta function, = 4 a h ~ Z j ~  ( nj)u is the partial screening 
parameter of the j th  species with a charge magnitude (and 
sign) Zj and uniform concentration (nj)u, and AB = e2/ 
€kBT is the Bjerrum length, with e being the proton charge, 
c the dielectric constant of the medium, kg Boltzmannn's 
constant, and T the absolute temperature. 

Muthernatica (Wolfram Research) was used4 to obtain 
the roots (Rk) of the XCMM for arbitrary q with the result 
for Dapp(q), 

where X ( q )  = Dl(q2  + ~ 1 ~ )  + D,(q2 + ~2~ + ~ 3 ~ )  and  tot, = 
~~2 + ~~2 + K32 is the total screening parameter. M u t h -  
ematica was also used to represent eq 3 as a power series 
in q, viz., 

(4) 

where m can have the values 0, 1 ,2 ,3 ,  .... The first three 
coefficients of the XCMM were given as 

Dqp(q) (IO-'crn* / s) 
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Figure 1. Power series fit to the PLS data for 41 = 1 X lo-' and 
[NaCl] = 1 x 10-4 M (0) data of Petsev and Denkov;' (-) 

Wo + W2q2 + W4q4 + W6q6 + W8q8 + W1oqlO. The 

Table 1. Mathematics Power Series Fit to PLS Data for 

Da (9) = Wo + Wzqz + W4q'; (- -) D, (4) = Wo + W2q2 + W4q4 + &6Q6; (- - -) Dapp(q) = wo + w2Q2 + #4q4 + (- - -) 
Da p(q) = 

+ 
vdues of the Coefficients W s  are given in Table 1. 

Which h = 1 X lo-' and [NaCl] = 1 X 10-4 Ma 

2.051 -3.980 +1.383 
2.046 -3.025 -25.61 +1.795 
2.049 -3.917 +28.02 +8.093 +5.379 
2.037 +2.865 -714.5 +261.4 -375.2 +1.784 

a Series expansion is given by eq 4. 

D, + D, (D, - D,)(D,K: + D , K ~  - D,K,') wo = ~ + (5) 
2 ~ ( D , K , ~  + D,K: D , K ~ , )  

D,D,(D, -0,)' K,,(K: + K;) 

w 2 = -  (D,K,' + D,K: D,K;)~ 
(6) 

and 

Discussion. The total concentration of small ions (2C,) 
in these CdCdatiOnS isgiven by 2c, = 2Cadd + I&Ic1, where 
Z Z  = +1, IZl(C1 is the molar concentration of released 
counterions, and CZ = lZllC1 + C3 (electrical neutrality 
requirement). Calculations were carried out with the 
reported1 values of 41 (the volume fraction), 21 = -40, and 
01"(20") = 1.86 X cm2/s. The value D, = 2 X 10" 
cm2/s was assumed. The PLS concentrations were cal- 
culated from the relationship C1 = (~OOOTRI~/~NA)~I ,  
where the radius R1 was computed from Dl"(20"). 

For the purpose of visualization of the quality of the 
expansion fits, data for [NaClI = 1 X 10-4 M and 41 = 1 
X lo4 reported by Petaev and Denkov' are shown in Figure 
1 along with the Muthemuticu empirical fit using the power 
series of eq 4 with m = 2,3,4, or 5. The numerical values 
for WO through W ~ O  are listed in Table 1, where the plus 
signs are included for emphasis. 

Errors can sometimes occur in the process of extracting 
numerical values from a published plot. Comparison of 
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Table 2. Comparison of A and B with W2 and Wd for the 
Extended Coupled Mode Model. 

$1 x l@ 1 2 4 6 
A X lOle (cm4/s) -3.94 -7.37 -13.9 -17.8 
Wz X lOl0 (cm4/s) -3.45 -6.79 -13.2 -19.1 
B X lP1 (cme/s) +1.39 +19.7 +50.6 +61.9 
Wd X 1031 (cms/s) -31.4 -61.1 -116.0 -165.2 
a A and B were reported for the PLS data by Petaev and Denkov.’ 

Wz and W4 were computed from eqa 6 and 7, respectively, with the 
reported values of D10 = 1.86 X lo-’ cm%, 21 = -40, and $1 (hence 
C1) with an assumed value of D, = 2 X 1od cm2/s. 

the Petsev-Denkovl values of A and B in the first column 
of Table 2 with the Muthernatica empirical values of WZ 
and W4 in the first row of Table 1 indicates that the set 
of data points extracted from the literature are accurate. 
It is evident from these empirical fits that the parameter 
Wo is quite reliable, varying by less than 1 ’% . The pa- 
rameter W2 is likewise assumed stable to within 25% 
provided that one does not *overfit” the curve, as indicated 
by the “oscillation” for the expansion to the ql%h term in 
Figure 1. 

Attention is now directed to the model-dependent 
calculations of W2 and W4 in Table 2 for eqs 6 and 7, 
respectively. Since the values of Dl0,  21, and 41 (hence 
C1) in these calculations were those reported by Petsev 
and Denkov,’ the agreement between the values of A and 
WZ is quite remarkable. The discrepancies between B 
and Wq, even with regard to the sign, may be due to the 
premature truncation of the empirical fit of the data to 
only the q4 term. An empirical fit of the data to the q6 
term results in much better agreement of W4 between the 
empirical fit value (W4 = -25.61 X cm6/s in Table 1) 
and the XCMM calculation (W4 = -31.4 X cm6/s in 
Table 2). 

It can be concluded that the expansion coefficients Wz 
and W4 obtained from the extended CMM are consistent 
with the curve-fitting parameters of the Dapp(q) versus q 
data for PLS particles, provided that the expansion is not 
prematurely truncated to the q%h term or “overfitted” to 
higher powers of q. The agreement between the empirical 
fit coefficients and the XCMM expressions strongly 
supports the notion that the original CMM and that the 
Drifford and co-workerssp6 modification of the theory to 
include arbitrary values of Dz, D3,&, Z3,  and hydrodynamic 
interactions are valid for dilute colloidal systems. 

While, in principle, hydrodynamic interactions can be 
included in the XCMM approach to the q-dependent 
diffusion coefficient, this has not yet been formally 
achieved as in the theory of Drifford and co-workers5~6 for 
Dapp(qTO). It is anticipated that inclusion of the hydro- 
dynamic interactions will further increase the magnitude 
of 21 in the XCMM characterization of the data. Proof 
of this conjecture awaits further experimental data on 
highly charged spherical particles in the very dilute 
concentration regime for both the added electrolyte and 
polyion. 
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